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Abstract 

We study the departures from the classical synchrotron radiation due to noncommutativity of coordi- 
nates. We find that these departures are significant, but do not give tight bounds on the magnitude 
of the noncommutative parameter. On the other hand, these results could be used in future inves- 
tigations in this direction. We also find an acausal behavior for the electromagnetic field due to the 
presence in the theory of two different speeds of light. This effect naturally arises even if only 8 12 is 
different from zero. 
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1 Introduction 



The idea of noncommutative space-time coordinates in physics dates back to the 1940's [I]. Recently, due 
to the discovery of Seiberg and Witten |2] of a map (SW map) that relates noncommutative to commuta- 
tive gauge theories, there has been an increasing interest in studying the impact of noncommutativity on 
fundamental as well as phcnomcnological issues. Two directions seem to us very central: on the one hand, 
the clear understanding of the spatiotemporal symmetry and unitarity properties of these theories |3j, 
H], [7], |S], 0; on the other hand the hunting for experimental evidence (see e.g. JO]), possibly 

in simple theoretical set-ups 

The aim of the present paper is to study the effects of noncommuting space-time coordinates on syn- 
chrotron radiation in classical electrodynamics. The motivations are twofold: i) we want to see the 
fundamental effects of noncommutativity, such as acausality, and violation of Lorentz and scale invari- 
ance, practically at work in a simple case; ii) we want to explore the physics of synchrotron radiation in 
the hope that more stringent limits on the magnitude of the noncommutative parameter 9 could be set 
in this case (for a nice account on the current bounds see for instance 0]). 

The current views on the space-time properties of noncommutative field theories are essentially three: 
i) with the only exception of space-time translations, spatiotemporal symmetries are manifestly violated 
(see for instance [3]), and sometimes the artifact of the so-called "observer transformations" has to be 
introduced 0], ^2]; ii) full Lorentz invariance (including parity and time-reversal) is imposed on (a 
dimensionless) 9^, leading to a quantum space-time with the same classical global symmetries 0; iii) 
being the noncommutative field theory an effective theory of the fundamental string theory, space-time 
symmetries are not a big issue. For a quite comprehensive review see for instance We believe that 
a lot more work is needed to fully understand this very fascinating matter. 

What we intend to do here is to take a practical view and tackle the problem of finding corrections to the 
spectrum of synchrotron radiation induced by noncommutativity at first order in 9. We shall find that, 
in our approximations, these corrections act as a powerful "amplifier" of the effects of noncommutativity: 
independently from the actual value of 9 the synchrotron radiation amplifies the effects of a factor 
O(I0 13 ). On the other hand, due to the current bounds on 9 this amounts to a correction of O(10~ 10 ) 
of the commutative counterpart, hence we are still far from possible testable effects. We also see in this 
analysis that some surprising acausal behaviours naturally arise even if only the space-space component 
6 12 is taken to be different from zero. The effect is due to the presence of two different speeds of light 
in this theory. This result is in contrast with the general belief that acausality effects should arise in 
this context only when 9° l ^ 0. We take this last result as a confirmation that the issues of space-time 
properties are far from being clarified. 

The theory we shall be dealing with in this paper is affected with serious problems in the quantum 
phase (see e.g. JS]). For instance, the truncation of the theory at first order in 9 leads to infrared 
instabilities at the quantum level , and in the limit 9 — > the commutative quantum electrodynamics 
is not recovered ^Hj- These obnoxious features seem to be related to an unusual correspondence among 
the ultraviolet and infrared perturbative regimes of the quantum theory. It is still unclear whether 
this correspondence is an artifact of the perturbative calculations or a more fundamental (hence more 
serious) problem. For instance in |f 7) it is shown that there are scalar field theories where the connection 
is actually absent. These facts evidently mean that the quantum theory is still a "work in progress", 
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and we shall not further address these important matters here. We shall instead focus on the classical 
theory, in the hope that a meaningful quantum theory might be discovered in the future, and that such a 
theory could have the classical model we are about to use as a limit. After all classical general relativity 
is widely used and experimentally tested even if a sound quantum theory of gravity still does not exist 
(and may as well not exist at all). 

In the next Section we shall recall the main ingredients of noncommutative electrodynamics JT], and 
set the notation. In Sections 3 we shall exhibit the electromagnetic potentials for the noncommutative 
synchrotron, while in Section 4 we shall give the approximate expressions for the electric and magnetic 
fields to estimate the leading corrections to synchrotron radiation. Finally, in Section 5 we shall draw 
our conclusions. 



2 Noncommutative Electrodynamics 

For us the noncommutativity of space-time coordinates will be expressed in the simplest possible fashion, 
the canonical form |18j . given by 

x» * x v - x v * x" = i6» v , (1) 
where the Moyal-Weyl *-product of any two fields <p(x) and x( x ) 1S defined as 

(</> * X )(x) = exp{ % -e^dpy}<P(x) X (y)\y^ (2) 

9^ is c- number valued, the Greek indices run from to n — 1, and n is the dimension of the space-time. 
This approach, of course, does not contemplate all the possible ways noncommutativity of the coordinates 
could take place. For instance, two equally valid, if not more general, approaches are the Lie-algebraic and 
the coordinate-dependent (q-deformed) formulations |18j . and many other approaches exist. Nonetheless, 
the canonical form is surely the most simple and the basic features of noncommutativity are captured in 
this model. 

The action for the noncommutative Maxwell theory for n = 4 is 

i=-\Jd 4 xF^F^, (3) 

where — d^Ay — d v A^ — {[A^, A v ]*, A^ can be expressed in terms of a U(l) gauge field A^ and of 
by means of the SW map 0, Ap(A,0). Note that Ap(A,0) -> A^ as 9^ -> 0, hence, in that limit, 
^fiv * — d^Au di/A^. 

Let us now recall some useful results, valid at all orders in 9. The Noether currents for space-time 
transformations (full conformal group) for the noncommutative electrodynamics described by Eq. 
were obtained in 

Jj? = W v b s A v - Cf» , (4) 

where I = J d A xC, IP" = SC/5d^A u , and for translations (the only symmetric case) / M = cP, where a M 
are the infinitesimal parameters. By making use of the gauge-covariant transformations |S] one finds the 
conserved energy-momentum tensor [H] 

T» v = n>* p F» - rf v t , (5) 
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whose symmetry is, of course, not guaranteed as in the commutative case (IP" = —F^), and the 
conservation holds when the equations of motion 

d^Wf = , (6) 

are satisfied. Thus, in full generality, the conserved Poynting vector is 

S = -^-D x B = ^-E x H , (7) 

All 47T w 

where 

D i = IT and W ee ie yfe n jfe . (8) 

For our purpose it suffices to treat the simplest case of noncommutative electrodynamics at order 0(8), 
coupled to an external current, described by 

I=-^Jd 4 x [F^F^ - \e a ?F aP F^F, lv + 2e^F aii F Pv F^] + J„> , (9) 

where we made use of the 0(9) SW map 

A„(A, 9) = Ap- ^9 af3 A a (dpA^ + Fpp) , (10) 

and of the ^-product defined in Eq. (J2J). From now on our considerations will be based on such a 0(9) 
theory. 

In Ref. jll| it was found that, in the presence of a background magnetic field b, and in absence of external 
sources (J M = 0), the 0(9) plane-wave solutions exist. The waves propagating transversely to b travel at 
the modified speed d = c(l - 9 T ■ b T ) (where 9 = (9\9 2 ,9 3 ), with 0* = e^ k 9 k , and 9° l = 0) while the 
ones propagating along the direction of b still travel at the usual speed of light c. 

The plane-waves, unfortunately, do not give a stringent bound on 9. As a matter of fact, with the current 
bound of 10 _2 (TcV)~ 2 21 , one would need a background magnetic field of the order of 1 Tesla over 
a distance of 1 parsec to appreciate the shift of the interference fringes due to the modified speed of 
noncommutative light. It is then of strong interest to find more stringent phenomenological bounds on 
the noncommutative parameters. In the next Sections we shall study the synchrotron radiation in the 
hope to ameliorate those bounds. 

In order to do that let us recall the linearized constitutive relations among the fields following from the 
modified Maxwell Lagrangian in Eq. © ^3 

D l = e ij E j and H* = (^~ x ) ij B j , (11) 

where 

e tj ee a5 ij + 9 l V + 9>b l , (fi' 1 )^ = a5 l] - (9 l V + 9 3 b l ) , (12) 
a = (1 — 6 -b). Since F^ v = d^A^ still holds, 

_ _ ^ „ 1 d -> -> 

B = VxA and E= — — A - V$ , (13) 

cdt ' y ' 
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the Bianchi identities are not modified. On the other hand, the dynamical Maxwell equations ©, when 
a source is added, become 

dJV™ = r + 8 av J a d a A a + 9 aa d a (A a r) , (14) 

leading to (for 8 Qi = 0) 

V • D = 4tt[ p + 9- (v x (pi))} , (15) 



VXH--—D) = —\j^ + eUe^ k rd k A a + ^ lk d k {A l J 1 ))} , (16) 
c ot I c 



where the Latin indices run from 1 to 3. 



3 Noncommutative Synchrotron 



By using the potentials in Eq. fl^jl . and the Lorentz gauge d^A^ — 0, the equations of motion lfTK|l and 
(ftT)|) become 



on* + (0*V + 8 j b i ) 

an A 1 + (8^ + 8 j b i 



d i d j ® + -?-{d i A j ) 
cot 



z 2 dt 2 j 



■dj(VA) 



= -4k\p + 8- (V x [pA) 

^ km (e m y> + e j b m )e jlp d k diA p 



-in 



— [J 1 + (e ijk J a d k A c + e jlk dk(A l J i ))] 



(17) 



(18) 



where □ = — c 2 d 2 



d 2 



For our purpose we use the following settings: 

• Charged particle moving (circularly) in the plane (1, 2) with speed c/3i(t) — fi{t), i = 1, 2, i.e. 

J^ = ec(3^5{x 3 )5 {2 \x-r{t)) , (19) 
where r{t) is the position of the particle, and (3^ — {1,(3) (hence J 3 = 0); 

• b = (0, 0, b), background magnetic field speeding up the particle; 

• 6 = (0, 0, 8), i.e. 8 3 is the only non-zero component on 9^ v , this is the simplest possible case to see 
the effects of noncommutativity. 

With these settings e ij = aS^ + <5 l3 <P 3 A, where A = 28b, a = (1 - 9b) = (1 - A/2). 

Furthermore, we are interested in evaluating the larger noncommutative departures from the synchrotron 
spectrum, hence contributions which are of order higher that 0{e/R), where e is the electric charge, and 
R is the distance from the source, will be neglected. Let us write the general solutions of Eqs. (|17|) and 



JEJ as A^ = A); 1 + 8{A ( °> + A)? 1 ), where A];' is the solution for 8 = 0, A]! 1 is the correction obtained 
neglecting the 0{8) contributions to the coupling with the external currents, and A^ is the correction 
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coming solely from the O{0) contributions to the coupling with the external currents. It is easy to see 
that A { ° ] is O(efR) 2 , while is 0{e/R). 

Taking all of the above into account, the approximations made lead us to write Eq.s (|17|l . and 118|l as 

UAx + \d 2 {d l A 2 -d 2 A l ) = - — Ji , (20) 

c 

UA 2 + \d 1 (d 2 A 1 -d 1 A 2 ) = - — J 2 , (21) 

c 

□A3 - 4^3 + -\d 3 d t $ = 0, (22) 
cr c 

□ $ + A(df$ + -d 3 d t A 3 ) = -47T/5, (23) 

where Ji = Ji/a, i = 1,2, and p = p/a. We notice here that: i) the 1^2 symmetry for Eq.s (1201) 
and J2U, due to the rotation symmetry still present on the plane for the noncommutative case; ii) Eqs. 
(I20() and l|21|) couple the components A\ and A 2 , while Eqs. (|22|l and (|23|l couple the components A3 
and $. When one solves the equations for A 3 and <&, one sees that A 3 ~ O(A). This gives a negligible 
contribution 0(A 2 ) to $, but is an effect completely due to noncommutativity, absent in the standard 
theory As a matter of fact we have A 3 ^ even if the current J is taken to lay in the plane (1,2). 

Indeed, by writing Eq.s (|20|> . J2U, i|22|l . and Ij23(l in the space of momenta we obtain to order 0(A) 

A ,£ x 4tt J 2 (k,oj)Xk 1 k 2 + J^fc^M^Vc 2 - fc 2 ) + Afc 2 ] 

c [^/^-P + A^ + fcDlIa^/c 2 -^ 2 )] ' 
A 2 {k,uj) = Ai(fe,w)(1^2), (25) 

A 3 (fc,c) = -A , jTrpg^ 

[lj 2 /c 2 - k 2 + Xuo 2 ] [a{uo 2 /c 2 - k 2 - Afc 2 )] 

= ■ (27) 

{uj 2 /c 2 -k 2 -\k 2 ) 

or 

A M (fc, «) = G^(fe, w) J„(£, w) , (28) 
where Jo = cp. We can now identify the Green's functions as 

G^Mr) = 4^3 / d^e^-^G^fc,^) , (29) 

where R = x — x 1 , t = t — t', and we made use of the fact that translation invariance is still present for 
the noncommutative theory. 

The non-zero Green's functions are then 

G Q0 (R:t) = U{t - R/c) - A ( - - ^ 1 R ' 8{t - R/c) + L S '(r - R/c)) , (30) 

-» I CT -» 

G u (R;t) = -5(t~R/c) + \—5(t-R/c) = G 22 (R;t), (31) 
G 3 o(H;r) = -X^5(t-R/c)-^5'(t-R/c), (32) 
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where R = \R\, the prime on the delta function means derivative with respect to its argument. It is 
interesting to notice that the effect of the noncommutativity appears as a 5' coming from the shifted 
poles in the uj integrals. This means that the difference in the propagation speeds, c and c', will be 
converted into a pre-acceleration effect due to /3 (see below) at one single speed of light c. 

One can now compute the electric and magnetic fields from the general expression for the potentials given 

by 

Apfat) = ^J d 3 x'dt'G^(x -x';t-t')J u (x',t') . (33) 
^From the structure of the Green's functions in (|30() - (|32|l one can sees that 

= + XA^ , E = + \eW , b = B {0) + \B W (34) 
where A { ° } = 0, and B^ = n x E(°\ 

The electric and magnetic fields have quite involved expressions , and the part proportional to A contains 
a term of the form [20j 

1 d ( 1 d nc(t-t') \1 
_c{l-n-P)dt'\ c{ i^n-P)dt' (i-n-P)R)\ ret ' 

where n = R/ R, and [ ] ro t are the usual retarded quantities. We see here the announced contributions 
proportional to the derivative of the acceleration. As discussed earlier, the (3 contribution arises as an 
effect of the conversion of the two speeds of lights c and c' in the poles of the Green's function into a 
single speed c with a derivative of the delta function 5'(t — R/c). We have taken this view, rather than 
retaining both speeds, in order to better compare our results with the experiments. 

Let us say here that these terms, which are introduced solely by noncommutativity, recall the familiar 
acausal scenario of the Abraham-Lorentz pre-acceleration effects for the classical self-energy of a point 
charge [H?|. Even if not directly connected to the Abraham-Lorentz case, this feature is quite surprising 
in this context. As a matter of fact, we naturally obtain this effect by retaining only one space component 
of 9^ , while it seems that one should expect such behaviors only for non-zero time components of 9^" . 



4 Corrections to Synchrotron Spectrum 

In order to compare our results with the standard ones, we want now to compute the effects of non- 
commutativity on the synchrotron radiation in the experimentally relevant case defined by the following 
approximations: 

• Ultra-relativistic motion [3 — v/c — > 1; 

• Radiation observed in the plane (I, 2), and far from the source \x\ ~ R >> \ f(t)\. 
The power radiated in the direction n is 

^ (36) 



G 



where all the quantities (ft, f3, [3, R) are in the plane (1,2), and we used the modified Poynting vector 
given in Eq. (Q) 

S= —D x B . 
Air 

One can easily verify that in these approximations A3 does not contribute to the radiated power in Eq. 
(|36() , and for the evaluation of the order of magnitude of the leading noncommutative correction to the 
power one can use the following approximate expressions for the electric and magnetic fields 



E(x,t) 
B(x, t) 



1 d ft - j3 1 d ( 1 d nc(t - t') 



c(dt' (R 

1 d /? x ft 
cCdF (R 



c(dt' \c(dt' (R 



(37) 
(38) 



where £ = l~ri- (3. The expressions (|37|l and H38|l for the electric and magnetic fields, in the limit A = 0, 
reproduce the standard results for the terms 0(1/ R) in the ultra-relativistic limit |19|. which are the only 
relevant ones for the evaluation of the synchrotron radiation. 

By using the expressions (|37|l and l|38|l for the electric and magnetic fields, and retaining only the leading 
contributions for large R, and /3 — ► 1, it turns out that |2U] 



dn 



P(t) ee \L(t)\ 



(-) 

\4ttc j 



(l + ^)^nx(/3x/3) 



(39) 



where L(t) = y^/I^[R(E^ + A/2£( A ))] rot . 
The energy radiated in the plane is then 

d 

dtt 



J(w) = 2|L(w)| 



where L(uj) is the Fourier transform of L(t) given by 

„2 \ 1/2 



L(u) 



( e2 



V 8tt 2 c 



zi, zc, 



(40) 



(41) 



In the ultra-relativistic approximations two are the characteristic frequencies for the synchrotron: the 
cyclotron frequency u>q ~ c/\r\, and the critical frequency u> c = 3o->o7 3 - I n order to consider only the 
radiation in the plane, we shall work in the range of frequencies u) » loq, for which the latitude ~ n/2 

In this setting the leading terms for the energy radiated in the plane are (T^|, [3U| 



dn 



3tt 2 c \ojo 



tf 2 2 /3 (£)[l + A(l + 6 7 2 )] + A 



247 5 w 



^1/3(^2/3(6 



where 



3uj Q 



(42) 



(43) 



-^2/3(0, and -^1/3(0 are the modified Bessel functions. The formula in Eq. I|42|l reproduces the standard 
results in the case A = 0. When u> « lj c , £ — * 0, and K v (£) - v = 2/3, 1/3. 
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When uj « uj « uj c , i.e. 1 << uj/uoq « j 3 , 

X ^ JVJn n -l + 10(-) 2/3 A7 4 - (44) 

By using the current bound on the parameter of noncommutativity 21 9 < 10~ 2 (TcV)~ 2 , one has that 
A = 2W < 2nl0~ 23 , where n is the value of b in Tesla, and 1 Tesla ~ 10~ 21 (TcV) 2 . Thus for an electron 
synchrotron the correction is 

KH^^,^)', (45, 
where £ is the energy of the electron, 7 max ~ 2£(MeV)/MeV. 

For instance, for the most energetic synchrotron (SPring-8, Japan) £ = 8 GeV, b ~ 1 Tesla, and when 
lo/ujq ~ 7 2 we have 

X < 1 + 1(T 10 . 

Thus, there is an impressive "amplification" of the effects induced by a nonzero noncommutativity pa- 
rameter (better, our A). As a matter of fact one gains 13 orders of magnitude (from 10~ 23 to 1CP 10 for 
the case considered in this example), and this gain is independent from the actual input value for 9. 



5 Conclusions 

We investigated synchrotron radiation in noncommutative classical electrodynamics. The spectrum of 
this radiation is considerably modified by noncommutativity of the coordinates. These departures from 
the standard spectrum work as an impressive "amplifier" of the noncommutative effects. On the other 
hand we cannot obtain a tight bound on 9. This study indicates that the phenomenology of synchrotron 
radiation in noncommutative electrodynamics deserves further investigation. 

We notice a partial analogy of the present theory, in the linearized approximation, with nonlinear optic. 
A comparison of the latter with the noncommutative case could give interesting results because the 
properties of the "medium" (as described by and (J>ij), depend in our framework on the external 
background magnetic field b. It is then possible to separate the effects of noncommutativity, coupled to 
b, from the other electrodynamical effects. 

We also saw a peculiar acausal behaviour for the electric and magnetic fields as time-derivatives higher 
than two. This Abraham-Lorentz-like effect, which naturally arose even if only one space-space component 
of 9^ v is taken to be different from zero, is due to the two different speeds of light allowed in this theory. 
Moreover, it is in contrast with the general belief that such acausal effects should arise in this context 
only when 9 at ^ 0. We take this last result as a confirmation that the fascinating issues of the space-time 
properties in presence of noncommuting coordinates is far from being fully clarified. 
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